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ABSTRACT

The problem of space-charge-limited flow in a relativistic planar
diode has been solved exactly., The approach used is to solve Pbisson's
equation for space-charge-limited flow, assuming the initial veloecities
of the accelerated particles are zero, through the use of two power series
convergent in the voltage range 0 <V < 1,023 MV and 1,022 MV <V <o,




s
e

TABLE OF CONTENTS

‘ Ihtro'ducti_on o

" Solution Development

Evaluation of the Series -

Summai-y o ' .

REFERENCES

APPENDIX

" LIST OF ILLUSTRATIONS

- Evaluatmn of sz for the first 10 terms of the ser:l.es for U =2, 0 and 4 -0 w1th
the exact values glven by the horizontal lines - . -

'Error mtroduced by keeping only fu'st two terms in exact power series solutlons

' Com_panson of p_la.nar relathstzc dzode, Chﬂd's_l_aw. and ultrarelatw;_stm' solutions _

'Page




T, : : -

: EXACT SOLUTION OF POISSON'S EQUATION FOR o
_ ONE-DIMENSIONAL, SPACE-CHARGE-LIMITED, RELATIVISTIC FLOW -

- Introduction

Space-charge hm:Lted flow in relat:.v:.stlc planar dlodes has been the subject of study by many

authors. 1_ 2,3, 4 However, the:.r solut:.ons are ~either not exact over a full range of dlode voltages or

- are not convement to. use over a wide voltage range. ‘In th1s paper, Po;sson‘s equatmn, assurning that’

_ the m;tzal velocities of the accelerated particles are zero, is solved through the use of two power series 33

convergent in the voltage range 0 < V< 1 022 MV and 1,022 MV <V <w, The approach is stra.:ght- -

. _forward, .and. the resultmg serles solutione are easy to use. ‘and rapxdly convergent Rationa.hzed MKS :

""'umts are used"-throughout. o

. Solution Devel&'p'zﬁent

_'\

The space-charge-—hmxted flow m a plena.r diode is governed by Poisson's equation, written in -

one d:.mensmn-

were p is the spaoe charge dene:ty, E the per!mtt:wity of free space, and V the potent:.al

The ‘¢urrent denezty, « is given by J ='-p_v, wher_e vis t_he .partx‘cl_e velo‘city. It is convenient to -

: ___work wzth a normahzed voltage U:_

where Ze is the. electromc charge, m the part;.cle rest mass, and c the velocity of h.ght

5 Rewrltmg Po:.sson's equatmn in terms of U and usmg the relativistm relatmn between voltage and - SRR

_ veloc1ty,

@ +2U)1/2-‘"7-
cop Ul o
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 Eq. (1) becomes |

fUz J . U+l ' R _ kmfj
de_V V€S (U2- +2U)1/2. S S o -

Integrating once and applying the boundary condition that g% = 0-at'x =0, one obtains

'f'ﬂj—uu +2U)/ -

or - . N ot
dU"g(U +2U) P _ L e e e T (4.). :
- e L _.
.where ﬁ {V e c} . It is at this point that most authors have‘-introduced-a.pproximations, either'by

putting restrlctmns on the size of U( e, g. s U << 1or U >> 1), or by formmg approx1mate series solutions

'_which are extremely comphcated and have a lzmlted range of apphcabmty. Acton's salution, hecause

of its slow convergence, is not. pa.rtlcularly useful above 1 MV

: .Usmg. the-_substltutmn 2? = (U o+ 2U) / 4y, Eq, (4') becom_es

v - ywan=@iiom, . g
. - T <
The solut:.on to the homogeneous form of Eq. (5} is obtained by direct mtegration, and is x_ = T The

solutmn to the- nonhomogeneous form is obtamed by expandmg y in & power senes in U, -

- Q

y=2anUn,

and proceeding in the usual_manner,' The results obtained are

2h5

o
"

o
1

o m-3 SRR
__an_"-an-ltin_-l_' ?23 L




e . " The ser1es 1s seen to be absolutely convergent for U< 2,0, cond:tionally convergent at U 2,0,

‘and divergent for U >2,0; The complete solutmn to Eq. (5) is thus written--

o == + C . . - . . : . . . . . (7)
IR & U+2U)1;4Z l S o Lo T B
Smce U= OJat X = 0, this i'm?lies that C, is identically zero. -

: The solutmn can be ca.st ina more convenient form

: 2m o3 e - 2- -
Jx {Amps)-—°—~——97—%U--§~l—_+---_
o ze(U2+2U) .

n+1 1635 2+s (2n ~ 5){2n - 3) Un .-.-

+eDy 21-11.15 -+ (4n - 5)(4n - 1)

’ \ ) _' Equation (8) is the exact solution for the relatwistxc planar dxode in the reglon 0<U <2, 0 eg.,
' 0<v<1 022MV NotlcethatasU—*D.

S dxT A T 57 U ", which is the familiar Child result for low voltage charged :
partmle flow, . ' o
To arrive at a solutlon for U >.2. 0, Eq. (5) can be transformed by lettmg U -R]-“'-, becoming )
2R + R2} CI-”’+(R +R)y- -(2R+1) C T e

c

“The homogeneous form of Eq {9)is also solved hy direct mtegrat;on, gwmg the solutmn x = 2

-e— "The 7
: solutmn to the nonhomogeneous equat:.on 1s obtamed by expandmg y ina power series in. R of the fo_r_m EE

R D

" and proceeding as'before, The r-e_sult_é_ are
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Lao.

m>2

S im - 7
B T P (Zm- 1)

. The series is seen to be absolutely convergent for u>2,0, cond:.tionally convergent at U= 2 0, and

dlvergent for U < 2,0,

The complete _solution to Eq. {8) is written, in terms of U, as

2 A 1
: ~m#l

o e v
:(U2_+2U)174m m T2

L o

cel
2

' The constant C equals 0 84 72 13 (this determmatmn is given in the next sectmn) Agaj‘n; it is con-_.

'i?s%nf; +:{11) fn the same form as Eq. (8):

3
2m ¢ €

1 [ 1
Utlagytree
(U3+2U)1/4 au IR
o le58 erv (4m - 1)}(dm - 7)

3:5:7+v+ (2m -~ 3}2m ~ 1) u

+(-1) -m+1] - 0.84_72]_31... .

Equatlon {12) is the exact solutmn for the relat:.v:stm planar diode in the regmn 2 0 LU <a; e g. s
1 022 MV < V< 0, ) : ’

'_; As is seen, as. U — w0,

. wlnch is the ultrarelathsnc solution that carn be obta.med from Eq. (4) by d;rect mtegratmn if. -
1/4 . _ o :

1/2

(U + 2U} is approxlmated by U




. Evaluation of the Series -

.The constant, C#, in Eq, (11) was determined by equating the two solutions_at U =2,0, The series
_are slowly convergent at this point, and the constant was determined as a function of the number of terms
employed in the two series. The constant chenges by .a factor of 10“5 between 1000 a.nd 10, 000 terms
a.nd is asymptoucally approachmg -0, 847213 +1lx 10 . The evaluatzons ‘below all employ this value for

the eonste.nt

rAs shourn in Table I, convergence of the series is quite rapid except near U = 2,0, Only four terms"”
~of the series are requlred to be within 1 percent of the exact value for U greater than 3.0 or less than 1 3,

Two terms are adequate for U greater than 10, 0; e, g., 5 MV for electrons. o

* TABLE I

Number of Terms Requlred for Jx to be Withln 1 Percent -
’ of Exa.ct Value for Different Values of U :

U o . : NumberofTerms

0.1
ST _ SR K-
ISP . Lo
' o ' 1.8 _ _
T 1B

R ' § ' _ ===~=from Eq. (8)

20 o ar

2.2 | |

2.5

3,0

a0
SRRy . 10,0
L T
: 00
100,0 . R _ - o
2000 - L
o C R ~e-- from Eq. (12)

M oo o o

IR A R A R

The rapld convergence of the series is further shown in Figure 1 here, the value oi‘ the series 1s
-plotted versus the number of terms employed For. U 4. 0, the geries has converged (for plottmg .
purposes) s.t‘ter four terms of the series have been computed, Even at U 2,0 the error is less than

m S 5 percent for four terms. The convergence for the lower series is very szmilar.




:;3 o . The percent error obtained by employmg only the first two.terms is shown in Figure 2 Here,
" the error is less than 1 percent for U greater than 10.0 or less than 0, 7. -Additional terms umformly
~ decrease the error, -The error can be reduced to less than 1 percent at any point by employing 13 terms"

_ of the series, ' This will reduce the error above 9,0 and below 0.3 to less than 1‘3“9 _percent..

In Flgure 3 the exact selution, as well as the low and high potential approx1mat10ns, is plotted
At U = 10,0, both approx1mat1ons are more than 60 percent in error. Chlld'ﬁ law is within 1 percent
~upto a few k1lovolts, and the ultrarelat:wstm soluts.on is within t percent only for U greater than-200,.0,
Teug., 100 MV for electrons. The error in using only the first two terms of the serles is s1gn1flcant1y
less than that obtained by employing either of the hmxtlng expressmns. A table of values for these solu—

tions is presented in the- Appenduc.

Summary . '

"Poisson's equation has been solved exactly for the case of a relat1v1stic. space-charge =limited
planar dmde._ The solution is presented in.the form of two rapidly convergmg series which. reduce to the
_classmal low and h1gh potential expressions m the limits, Express:.ons employmg ‘only the first two terms

' _.'.of the power serles subsgtantially reduce, over a wide range of potentlal the errors which result from :
o usmg either of the limiting expressmns. Much greater accuracy can be obtamed by employlng more

el terms of the series,




F1gure 1 Evaluatlon of sz for the first 10 terms of the serles o S
for U =2,0and 4.0 w1th the exact values gwen by the

hor1zontal 11nes _j N
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'PERCENT ERROR AFTER 2 TERMS

10—

: u=-——§

Mye

" Figure 2, Error mtroduced by keepmg only f1rst two terms in exact R

w power serles solutlons L
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2 ;.-PLANARRELAT!VISTIC
| B _DIODE

ILD'S LAW

7 ULTRA RELATIVISTIC
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W (ﬁmps_) ;

. Figure'3. Comparlson of pla,nar relat:v:st:.c chode. Child's law, and
P o ultrarelat1v1stlc solutmns S :
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APPENDIX

Representative Results

Comparisons of the values for .Tl'x.2 using the exact solution, Chlld's law, and

' _'.:-i_the ultrarelatwlstlc solutlon, ‘are tabulated below for U rangmg from 0.1 to 98,0, For the -

' "exact soluts.on, 100 terms in the series were used. averaging the last.2 terms. Equation {8}

was uged to obtain Jx for U <2, 0 and Eq. (12) for U > 2 O Solut:tons of both equatmns for

U=2.0are pre_sented for comparison purposes,

13;:};
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62,0
66.0 .
T0.0
Th,o

- 86,0 .-
SRR | 50« SRR
o980

EXACT

2. 67297hhh9+001-

T h836kh009+001

- 1,361323246+002

2,075913165+002

2.874313888+002

x 3.7hh369266+002
© o b 6TTI06485+002 -

5.665564380+002
6.7041531354002

T.788268934+002
.- '8.91kokskEs+002 -
- 1.007818514+003 -
1.127783972+003
-~ 1,251052305+003 .. - .

1.37740k561+003
1.5066L6427+003
1.638604303+003

1.7731221T4+003
-+ 1.910058822+003 -
- 2,049277804+003 .
-.2,049280699+003
. 8,7kB206838+003 .
© 1.654431838+004
- 2,k86148112+00k
. 3.350037570+00k4
- h.236346826+00k
. 5.139436095+00k
© 6.0556095440+004 -
6.982648997+004 -
7.91851115C+004
- -8.8619Lk3918+004 .
-'9.811914023+00k - .
- 1.076760378+005 .
0 1.172835292+005
. 1.269361920+005
. 1.366295082+005
0 1,h63596661+005
- -1.,56123k146+005 -
. 1.6591795444005 -
L 1. 75TLOB5UEB+005
.1.855899887+005 -
. 1,954634824+005:
- 2.053596752+005
2.152770869+005 -
| 2.2521439144005

CHILD'S

2.701281984+001
- 7.640379235+001 .
1.k03627292+002
2.161025587+002 -
- 3.020125071+002
- 3.970057507+002 ..
- 5.,0028k4245+002 ;.
6.112303388+002 - -
- T.293461356+002 - ..
- B,5422036T1+002 .
- 9,8550526724002 -
- 1,122901834+003.
. 1.,266149301+003
. 1.b415018036+003 -
- 1.569303021+003 - .
- 1.728820b70+003
- 1.893L0L0O6G0+003
2.062902393+003. -
2.237176885+003
2.k161000574003 "
. 2.416100057+003
- 1.255hh2h16+00h
- 2.701281984+00k -
b hTHET9926+00k 1 -
-6.5234T0154+00k .
8.8146270T9+00k - -
1.132478hL3+005 . .
. 1.40362T72934005 .
© 1 1.6935120754005 - . -
2.000991837+005 - . -
. 2,325111894+005 "
-2,665058028+005 - -
. 3.020125071+005 . -
. 3,3B9694525+005 -
. -3.773218128+005 - . &
T h,1T70205L96+005 ¢
~k.580214585+005 -
05,0028 2044005 0
0 5.437728271+005 . -
- 75.B8453060T+005
- 6,3429L14214005
. 6.8126738634005
- 7.293b61355+005 . "
o T.TB5055311+005 .
. 8,2872231944005 -

ULTRARELATIVISTIC

e 71811256h+002'1 o

5.4362251284002 .
8.1543376924002° .
1.0872k5026+003 - -

~"1.359056282+003 .. .
1.902678795+003 - . -

- 2.17hL900514003 -
- 2,k46301308+4003 .
o 247181125644003. -
- 2.9899238204003 - ¢

- 3.261735077+003 .. " -
©345335463334003
. 3.805357590+003 -

4, 077168846+003 -

. 4,348980102+4003 -

- b,6207913594003 " -

. b.892602615+003 - -
:5.16443138724003

5 u36225128+oo31j"'

7 5,436225128+0037 7
. 1.6308679538+00k4 -
L h2.71811256h+00

. 34805357590+00k " =

- 4.892602615+004 - -

5.97984 764 +00L "

C 7 T.06T092666+00k
©o-B.154337692+4000

'9.241582718400kL . =+ -
S 1.0328827TU+005
T 1.,1M160T27T4005 . .
1. 2503317794005
1 1.359056282+4005

- 1.467T780T85+005 ,?fﬂf

. 1.576505287+005 -« -
- 1,685229790+005: .
- 1.7939542924005
. 1.9026787954005 .- -
. 2,011h03297+005 -
1 2.,120127800+005 -

©2.2288543024005 .

. 2.3375T6805+005 ~
T 2.446301308+005

T 2,5550258104005 - .
-2.6637503134005
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